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Abstract-A two-dimensional model of the fiber push-out test is considered. Two distinct methods
of analysis are independently employed in solving the problem, and their accuracy is indicated by
the virtual coincidence of the results. Interfacial debonding is assumed to be characterized by a
cohesive zone model, and subsequent slippage obeys a Coulomb friction law. We have found that
the results depart from those of the more commonly employed fracture-mechanics approach, if the
cohesive zone size is of the order of the fiber diameter. The accuracy of various approximate analyses
is discussed.

I. INTRODUCTION

The nature of the fiber-matrix interface is widely agreed to have a major influence on the
strength and toughness of ceramic-matrix composites. As a means of independently meas
uring the response of the interface to stress, various interface tests have been suggested.
The tests most often used to measure interface strength in ceramic-matrix composites are
the micro-indentation push-in test (Marshall, 1984; Grande et al., 1988) and the push-out
test (Laughner et aI., 1986; Bmn and Singh, 1988; Bright et al., 1989); the pull-out test
has also been used (Deshmukh and Coyle, 1988; Griffin et aI., 1988) though to a lesser
extent. In these tests the force applied to the fiber is measured as a function of time;
occasionally, the motion of the fiber is also tracked as a function of time. The results of
these tests are then interpreted by appealing to a mechanics analysis which relates the
measured force to a local or average shear stress.

Herein, we focus on the fiber push-out test. In this test (see Fig. 1), a thin slice of the
composite, cut normal to the fiber direction, is placed on a platform, and a micro-indentor
is brought in contact with a fiber on the upper surface. The indentor is then forced to push
on the fiber, generally under displacement control. The platform contains either a hole or
a slot, which permits the fiber to be pushed out. As the indentor descends, the load increases
and reaches some maximum value. After decreasing, the load eventually achieves roughly
a steady value. A schematic of such a typicalload-displacement curve is also shown in Fig.
1. The broad interpretation of such a load-displacement curve is that a higher level of
interfacial resistance needs to be overcome to produce debonding, after which there is only
resistance of a frictional nature to fiber sliding. More specifically, the initial deviation from
linearity has been associated with initiation of interfacial debonding at the top of the
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Fig. I. Schematic of push-out test configuration and typicalload-displacement curve.
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specimen, and the peak has been associated with complete debonding, that is the fiber
protruding out of the bottom of the specimen (Eldridge et al., 199\).

In general, the mechanical analyses employed in interpreting the results of interface
tests are modifications of shear lag methods and tend to be rather approximate. Just two
examples of such analyses are Marshall and Oliver's (1987) analysis of the push-in test and
the analysis by Bright et at. (1989) of the push-out test. Most experimentalists take an even
simpler approach to interpreting the test. For example, a debond stress. Td. is computed
according to

(I)

where Fpeak is the peak load, h is the specimen thickness and R is the fiber diameter. A
friction stress, Tr, is computed according to

F"
Tr = 2nRh' (2)

where F,s is the steady load necessary to produce sliding.
The analyses presented here form part of an investigation into the relationship between

a composite's interfacial properties and the load-displacement trace from a push-out test.
This investigation is intended ultimately to yield sufficiently accurate stress analyses of
model configurations representing the push-out test that the interface parameters can be
reliably extracted from the load-displacement trace. Unfortunately, even model problems
tend to be extremely complex with boundaries at finite distances, as well as displacement
discontinuities along interfaces. It is likely that finite element computations will eventually
be necessary to carry out the full three-dimensional analysis. In the meantime, however,
consideration of the analogous two-dimensional problem can serve several purposes. It
can give us preliminary insight into the dependence on various material and geometric
parameters. In addition, it can form the basis on which to test a finite element method's
accuracy.

This paper is devoted, therefore, to the development of highly accurate solutions to a
two-dimensional problem analogous to the fiber push-out test. Since even the two-dimen
sional problem is extemely complex, we have chosen to attack it independently (at Carnegie
Mellon University and at Cornell University) using two rather distinct methods of analysis.
These methods are presented in some detail. The results of these methods will give insight
into the influence of a number of relevant variables and will permit the validity of various
approximate approaches to be assessed.

2. PROBLEM STATEMENT

The model two-dimensional problem features the infinite strip - 00 < x < CfJ.

o< Y < h, which is composed of the matrix occupying the region -- 00 < x < - a and
a < x < 00, and the fiber occupying the region - a < x < a [see Fig. 2(a)]. The effect of a

a xy =0, a yy = -p

a xy =0, ayy =0

Em,vrn

~Oxy =o. v =0-+0.--

a xy = O. ayy = 0

---1~-Oxy = o. v = 0--.
a xy =O. ayy =0

Fig. 2(a). Model two-dimensional problem representing push-out test.
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O'xy =0, O'yy =-p

O'xy =0, O'yy =-p

Fig. 2(b). Symmetries in dislocation distribution (Method I).
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hard, flat indentor, which is typically 10-30% narrower than the fiber, is simulated by
applying a uniform pressure p over the fiber at y = h. (Previous work has suggested that
this is generally a reasonable approximation, and becomes increasingly accurate as the
debonded zone extends to several fiber diameters.) Otherwise, zero tractions are applied to
the upper surface y = h. The strip is resting on a rigid, smooth substrate containing a gap
along -5 < X < S, Y = 0 through which the fiber can be pushed out (for clearance, 5 must
be greater than a). The materials are assumed to be linear elastic and isotropic.

Within the present framework, the interface between the fiber and matrix can be
modeled, in principle, using any relation between relative displacements and tractions. As
mentioned above, this test is typically applied to ceramic-matrix composites which have
relatively weak interfaces. To model an interface which is apparently typical of these
materials, we will assume that the interface is capable of debonding under appropriate
conditions detailed below, after which slipping occurs according to a Coulomb friction law.

More specifically, once debonding has occurred at some point, that point of the
interface is either opening, sticking or slipping; these conditions are expressed math
ematically (for the interface x = a) by:

stick condition a < 0,

slip condition a < 0,

dAv dAu
ITI < Ill a l, ---clt = 0, Au = ---clt = 0,

Irl=lll a l, sgn(dd~v)=sgn(T)' Au=d~u=o,

(3a)

(3b)

with

open condition a = T = 0, Au > 0,

Au = lim [u(a+e,y)-u(a-e,y)],
£-0+

Av = lim [v(a+e,y) -v(a-e,y)].
6-0+

(3c)

In these equations, u and v denote the x- and y-components of displacement, respectively,
(J with appropriate subscripts denotes the components of stress, Il is the friction coefficient,
and d( )/dt denotes the derivative with respect to a time-like parameter that increases as
the loading proceeds. The condition sgn (dg/dt) = sgn (r) corresponds to positive energy
dissipation, which requires the slippage to be in the same direction as the shear stress. In
applying eqns (3), one must be careful to use the total stresses, including any residual
stresses, which we assume to be present; in particular, a residual compressive stress (Jo is
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presumed to exist at the interface. Thus, two parameters characterize each point on the
debonded portion of the interface: (J 0 and Ji.

The debonding is captured by a specific form of a Barenblatt (1962) cohesive zone
model, an approach which offers some advantages over more commonly used models for
debonding (Steif and Dollar, 1992). Relative motion () at the interface can begin when the
shear stress reaches a critical value r*. The interface can suffer relative motion under the
stress r*, until (j reaches the critical value (j*. For () greater than 6*, the stress is given by
the friction law (3). A key issue discussed below is the connection between results based on
a cohesive zone model and results based on the more commonly used fracture-mechanics
approach to debonding which simply involves a mode" debonding energy.

3. METHODS OF ANALYSIS

Two distinct methods of analysing the push-out test, both leading to sets of integral
equations, are presented here. The first method can only handle the case of equal fiber and
matrix elastic moduli, whereas the second method is also capable of treating cases in which
the elastic moduli are different. The first method is specifically devised for the geometry of
the present problem, in contrast to the second method which is a far more general technique
for treating two-dimensional elasticity problems featuring internal surfaces of displacement
discontinuity and finite boundaries. As will be pointed out below, these methods were found
to yield very similar results, which lends much credence to their accuracy.

Method /
This method, which is restricted to equal fiber and matrix elastic moduli, exploits the

shear free boundary condition on y = 0 to recast the problem as one of a strip of thickness
2h, subjected to pressure p applied along - a < x < a, y = ± h. The bulging out of material
along -I' < X < s,y = 0 in the original strip is precisely represented in the symmetrically
loaded strip problem by a distribution of edge dislocations (Burger's vector in the y
direction) of density b2 (x) along - s < x < 1', Y = O. Note that these dislocations must be
opposite in sign to those which are typically used to represent a crack which opens under
a remote tension; in the symmetrically loaded strip, the dislocations correspond to overlap
of material. Finally, following previous work by the authors (Dollar and Steif, 1988, 1989;
Wang et al., 1991), sling along the interfaces x = ±a is represented by dislocations of
density b 4 (y), also with Burger's vector in the y-direction. The combination of dislocations
which properly preserves all the symmetries of the problem has signs which are indicated
in Fig. 2(b). (One can see the motivation for the subscripts on the dislocation densities.)

The total stress field in the strip consists of the superposition of the stresses associated
with: (i) the Filon problem [see Timoshenko and Goodier (1970)] of equal and opposite
uniform pressures applied to two sides of a strip; (ii) dislocations distributed along
-I' < .x < s,y = 0 in a strip free of surface tractions; and, (iii) dislocations distributed
along a portion of the interfaces (x = ±a, d < 1)'1 < il) in a strip free of surface tractions.
This superposition can be written symbolically in the form

(4)

where (J(z) is the total stress at some point z in the domain, (Jdz) is the stress associated
with the Filon problem, the first integral represents the stress associated with dislocations
along -I' < .x < s,y = 0, and the second integral represents the stress associated with
dislocations along the interfaces at x = a. The contributions due to the dislocations are
themselves found from a superposition procedure. Each of the integrands is split into two
parts: (J2(Z, x') and (J 4(Z, y') are solutions for the dislocation pair and the dislocation
quadruple in an infinite medium, respectively; (J2R (z, x') and (J4R (z, y') are the stresses
associated with relieving the tractions that these dislocations induce on the surfaces y = ± h.
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The stresses associated with the dislocations in the infinite medium are well known;
the stresses O"F(Z), 0"2R(Z, x') and 0"4R(Z,y') may be calculated using the Fourier transform.
[In fact, the solution from which one can compute the stresses O"F(Z) is given by Sneddon
(1951).] The Fourier transform F(~) ofa functionf(x) is defined by (Sneddon, 1951):

(5)

and has the associated inversion formula

(6)

A rather abbreviated description of the computation of O"F(Z), 0"2R(Z, x') and 0"4R(Z,y')
is given here; some of the details are left for the Appendix. In each case, the problem
consists of determining the stresses in the strip when tractions 0"xy and 0"yy are prescribed
alongy = ±h. Specifically, the tractions are either a uniform pressure over a finite segment
(as in the Filon problem), or are obtained from the stresses associated with a dislocation
in an infinite plane. In all cases, the tractions have the following symmetries:

(7)

(8)

These symmetries imply that the Fourier transform 'I' of the Airy stress function l/J
must be of the general form

(9)

where l/J is related to the stresses according to

(10)

Now, let ~xy(~, h) and ~yy{~, h) be the transforms of the boundary tractions O"xY{x, h)
and O"yy{x, h). If these transforms are denoted by

(11)

then the coefficients A(~) and B(~) in eqn (9) are found to be

F(~). G(~) .T h smh (1~lh) + Y [smh (1~lh) +hl~1 cosh (1~lh)]

A@ = h(~) + cosh (I~lh) sinh (1~lh) (12a)

F(~) G(~) .
i~I~1 cosh (I~lh)+ y smh (1~lh)

B(~) = h(~) + cosh (1~lh) sinh (1~lh) (12b)

The transform 'I'(~,y) can then be inverted to yield the following expressions for the
stress components:
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(13a)

(13b)

(13c)

where r = I + (y/h), q = I-(y/h), and the integrals II, 11 , 13 , HI, H l , H 3 and H 4, which
are given in the Appendix, depend on the transformed tractions F(~) and G(~).

For the Filon problem, the transforms of the boundary tractions, FF(~) and Gd~), are
given by

FdO = 0,

GF(O = -pJ~ sin ~~a).

(l4a)

(14b)

For two dislocations, bl(x') at (x',O) and -b2(x') at (-x',O), the transforms of the
boundary tractions, F 2(O and Gl(~)' are given by

iF2(~) = ±2J2~ e 1~lh IWI sin (1~lx')b2(X'),

G1W = -2J2n el~lh (I + 1~lh) sin (1~lx')b2(X'),

(l5a)

(l5b)

where i = J-=I, and" +" in eqn (15a) refers to ~ > °and" - " refers to ~ > 0.
For four dislocations, b4(y') at (a, ±y') and -b4(y') at (-a, ±y'), the transforms of

the boundary tractions, F4(~) and G4(~)' are given by

iF4W = ±4J2;e 1~lh sin (1~la)I~lh[cosh (1~ly')

- (y'/h) sinh (1~ly')]b4(Y'),

G4W = -4J2n el~lh sin (1~la)[(1 + 1~lh) cosh (1~ly')

-1~ly' sinh (I~ly')]b4(Y')'

(I6a)

(I6b)

where" +" in eqn (l6a) refers to ~ > °and" -" refers to ~ < 0.
The expressions for F2(~)' G2(~), F4(~) and G4(0 were arrived at by carrying out the

Fourier integration (along - 00 < x < 00, Y = h) of the Muskhelishvili (1963) complex
potentials associated with the dislocations in an infinite medium. Then, real and imaginary
parts of the appropriate combinations of the transformed potentials are extracted.

Substitution ofthe respective forms for F(~) and G(~) into eqns (13) leads to expressions
involving single integrals along °< ~ < 00 for the stresses O'F(Z), 0'2R (z, x') and 0'4R (z, y').
These integrals were evaluated using a combination of Laguerre and Filon integration
[see Abromowitz and Stegun (1964)]. In particular, each component of stress involves a
summation of terms of the form:

Ix {Sin «(m W )}
stress component = I Am (.t) e -"Im(w) dw.

m 0 cos c'm W

For ~m > 1, the Filon formula was used (with {} = 0.5), while for ~m < 1, I5-point Laguerre
integration was used. The numerical integration converges rapidly because both the dis
location pair and quadruple, being akin to diples, have stresses which decay rapidly as
Ixl ~ 00. The stresses so computed form part of the integrands in eqn (4). Coupled singular
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integral equations (of the Cauchy type) can then be derived for the unknown densities
b2 (x') and b4 (y') by enforcing (Fyy =°on -s < x < s,y = 0, and the interface law on
x = ± a. In other words, just evaluating the kernels of these integral equations necessitates
a numerical integration over °< ~ < 00. The overall procedure is similar to that used by
Ballarini et al. (1984) in their study of a crack propagating transverse to a beam.

A relatively standard collocation procedure is used to solve the integral equations
numerically. The to-be-determined dislocation densities are interpolated in a continuous,
piece-wise linear fashion between discrete points; the values of the densities at the discrete
points constitute the finite number of unknowns. The results to be shown are based on 15
unknowns along -s < x < s,y = 0, and 30 unknowns along x = 0, d < y < h, where dis
the current position of the end of the debond.

Besides the extensive comparisons with the results ofMethod II, we also tested Method
I by computing the stress intensity factor for an infinite strip which contains a pressured
open, finite crack running parallel to the strip. This involves only the use of dislocations
along -a < x < a. We compared our computed stress intensity factors with those given in
graphical form in Tada et al. (1973), and negligible differences were found. This comparison
suggests that at least part of our method is working properly, in particular that the integrals
defined in the Appendix are being evaluated accurately. Since the solution of this crack
problem does not involve dislocations along x = ± a, comparisons with Method II are
necessary to have some indication as to whether these are being computed properly. It is
also worth mentioning, however, that the results of Ballarini et al. (1989) further support
the accuracy of this type of singular integral equation technique in solving problems
involving interfacial slippage.

Method II
A multi-domain BEM program employing isoparametric quadratic elements was also

developed to analyse the present problem. The standard BEM formulation for solving a
linear elastic problem is applied to each of the two subdomains, the fiber and the matrix,
respectively (Anderson, 1981; Brebbia et al., 1984; Karami and Fenner, 1986; Achenbach
and Zhu, 1989). The boundary integral equation governing the displacement at the point
P on the boundary of an isotropic linearly elastic subregion Q(k) can be written as:

where r(k) is the boundary of the subdomain Q(k), and Sij) and UiP are the fundamental
traction and displacement solutions, respectively. ciJ)(P) is the rigid body translation
solution of (17), and it depends on the geometry of the boundary at point P; in particular,
Ci1)(p) = bul2 for smooth boundaries, where bij is the Kronecker delta. The fundamental
solutions stJ and UiP can be found in Brebbia et at. (1984). Physically, they represent the
traction and displacement in thejth direction at a point Q due to a unit force acting in the
ith direction at a point P.

In our formulation, the fiber and the matrix occupy separate domains so that a point
P on the fiber-matrix interface is shared by both domains. These points on the interface
will be denoted by PIf and P1m respectively; (PIf, P1m ) are called nodal pairs when the
boundary is discretized. The same quadratic shape functions are used to interpolate the
geometry, displacements and tractions for the points between the nodal points on the
boundary of each domain. Using these interpolation functions, (17) can be integrated
element by element resulting in the following matrix equations for each subdomain:

(18)

where [H(k)] and [G(k)] are the matrix operators corresponding to the traction and dis
placement kernels Sij) and UiP, respectively; {U(k)} and {T(k)} are the nodal displacement
and nodal traction vectors, respectively.
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Symmetry considerations allow us to consider only half of the specimen, i.e. x > 0, so
that there are only two subdomains in our problem. Furthermore, we have truncated the
domain so that the matrix occupies the region a < Ixl < b. (In practice, we took bla = 25.)
The two sets of linear algebraic equations corresponding to each subdomain are then
coupled together via the interface model and solved simultaneously. Specifically, let QI
denote the subregion occupied by the fiber and om denote the matrix. For subdomain Qr
we define the following:

I/' T'- nodal displacements and tractions at the boundary other than the interface,
uf, T\---nodal displacements and tractions at the interface.

For subdomain Qm we define the following:

um, TJn
_ nodal displacements and tractions at the boundary other than the interface,

U\'\ T\ll-- nodal displacements and tractions at the interface.

From (18), for subdomain QI, we have

Similarly for subdomain Qm, we have

fum} {Till}[Hill H~'] U\" = [Gill G;"j TT .

At the interface, force equilibrium dictates that

n = _T\" = T I
•

( 19)

(20)

(2 I)

Consistent with the interface model, the displacements will not, in general, be continuous
across the interface. Combining (18)-(21), we obtain the foIIowing system of equations:

,
u,

[:' H\ -G\ 0

:\11]
UI

= [~' ;1ll]f;:,J·0 Gr' Hill T L (22)

um

u\"

After imposing the boundary conditions on the elements other than those on the
interface, we find that (22) is underdetermined, i.e. there are more unknowns that equations.
This situation is remedied by using the relevant relations derived from the interface model.
For instance, in the pure frictional sliding case, if there is no relative slip, then at a generic
node pair (Plf, Plm ), uf(P II) = uT (P1m ). On the other hand, T~, = ± /11 T~,l, if the boundary
points slip with respect to each other.

Notice that although the interface behavior is nonlinear, the two subregions themselves
remain elastic throughout the entire deformation process. The boundary integral equation
(17) is valid if the tractions and displacements are replaced by the traction rates and
displacement rates, respectively; this forms the basis of an incremental formulation
(Andersson, 1981 ; Karami and Fenner, 1986).

Since the extent of the slip region is not known in advance, the problem has to be
solved iteratively. A direct iteration method is used. For the interface described by
Coulomb friction alone (no bonding), the program first computes the stress field everywhere
assuming no slip on the interface, for a given applied pressure p. For any point on the
interface, the program then checks whether the interfacial shear stress exceeds the shear
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limit which is the product of the interfacial normal stress at the point and the friction
coefficient. If the shear limit is exceeded, the shear stress at that point is set equal to the
shear limit. If it is smaller than the shear limit, displacement continuity prevails. Using
these contact conditions, the problem is solved again with the same load p. This process is
repeated until the solution converges, i.e. there is no further change in the contact conditions.

For the combined debonding and frictional sliding case, the program performs basically
the same tasks as described above. However, an additional check associated with the
relative slippage J on the fiber-matrix interface must be made. Specifically, the shear limit
corresponds to the cohesive resistance r* if J < J*, whereas it is given by the Coulomb
friction law if J > J*. An algorithm for handling the unloading problem (decreasing p) is
given by Wang et al. (1991).

4. RESULTS AND COMPARISON WITH APPROXIMATE FORMULAE

The model problem considered here displays a response to the applied load which is
similar to the response of the real composite specimen. Initially, the applied pressure causes
purely elastic deformation of the strip. Once the cohesive shear stress r* is first reached,
relative motion at the interface begins; the cohesive stress is first reached at the point
where the interface intersects the free surface. Under increasing applied load, the relative
displacement at the surface increases and the extent of the interface which has reached the
cohesive stress increases. When the relative displacement at the surface exceeds J*, debond
ing is said to have initiated. The load may then drop temporarily, depending on interface
parameters, but in any event the debond extends. Of interest is how the applied load varies
as the debond propagates, and how this variation depends on interface parameters, including
the presence or absence of bonding.

In Fig. 3 we display typical results for the purely Coulomb friction interface and for
an interface characterized by debonding according to a cohesive zone law followed by
Coulomb friction. The following parameters were used: h = 25a, S = 4a, Il = 0.1,
(JoiE = 4 x 10- 5, r*IE = 8 x 10- 6, J*IE = 2.5 x 10- 5, V = 0.25. The cohesive zoneis defined
at that portion of the interface where relative displacement of the interface has begun but
has not reached J* ; in the frictional slip zone, the relative displacement has exceeded J*.
For the interface with bonding, the cohesive zone extends from y = 13.25a to y = 14.75a,
and the frictional slip zone is from y = 14.75a to y = 25a (the top of the specimen where
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Fig. 3. Typical distribution of interfacial shear stress for bonded and purely frictional interface
(h = 250, S = 40, Ii = 0.1, (Jo/E = 4 x 10- 5

, 7:*/E = 8 x 10- 6
, 0*/0 = 2.5 x 10-" v = 0.25).
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the load is applied). For the purely frictional interface, there is no cohesive zone, and the
frictional slip zone is from y = 13.25a to the top. As expected, for the interface with bonding,
the shear stress is equal to ,ul O"xx I in the slip zone and r* in the cohesive zone; the shear
stress is less than r* in the bonded portion (y < 13.25a). On the other hand, for the purely
frictional interface, the shear stress is equal to ,u10""I in the slip zone and less than ,ul o"xx I in
the unslipped portion.

The results shown in Fig. 3 are for the case of identical elastic moduli; they were
arrived at using method I, which is based on distributed dislocations. For the same set of
material and loading parameters, Method II (a modified boundary integral equation
method) yielded results which agreed to within 2%. Such agreement between the two
methods was consistently obtained, except when the cohesive zone had nearly reached the
bottom of the specimen, in which case Method I was viewed as somewhat more likely to
be accurate. On the other hand, method II was necessary to assess the influence of having
dissimilar constituent moduli.

The variation of the shear stress along the interface shown in Fig. 3 suggests an
approximate analysis which is based on modifying the simple constant shear stress approxi
mation (often used in the composite materials literature) to account for the cohesive zone.
Let the cohesive zone occupy the region from d < y < d+ h* ; the interfacial shear stress is
equal to r* in this zone. Above that zone, the shear stress is equal to ,u0"0. If, in addition,
we assume that the fiber load is zero at y = d, then the pressure applied to the fiber by the
indentor is given by

(
L~h*\ h*

p = ,uO"o· ..... )+r*
a / a

(23)

where L = h - d is the total extent of the interface on which there is relative displacement;
it is the sum of the lengths of the frictional slip zone (L~h*) and the cohesive zone (h*),

The cohesive zone length h* is determined by the condition that the relative dis
placement at the top of the cohesive zone is equal to b* ; i.e. b(d+ h*) = b*. If we neglect
deformation in the matrix, and approximate the fiber strain as uniform in x for fixed y,
then this leads to the following equation for h* :

j

2E;C)*a
17* = *.

T
(24)

where E; = ErI( I ~ vl) appears because of the plane strain condition. The indentor pressure,
therefore, is given approximately by

[
L j2E;b* J j2Err*b.*p = ,uO"o - +---
a r*a a

(25)

We consider now the numerical results based on a rigorous implementation of the
cohesive zone model for interfacial debonding. Insight into these results will be gained by
comparing them with the results of two other analyses: that which leads to the approximate
equation (25) and a rigorous implementation of debonding according to linear elastic
fracture mechanics (LEFM). In LEFM, the elastic energy released by extension of the
debond must be sufficient to supply the energy required to debond the interface. This is the
approach suggested by Marshall and Oliver (1987) for the push-in test, who also put forth
an approximate analysis of the energy balance. The LEFM approach might be more readily
recognized by its accounting for the stress singularity at the tip of the debond; in the present
situation, the friction along the interface behind the debond tip contributes to the magnitude
of the stress singularity at the tip, as does the applied load. To connect the LEFM approach
to debonding with that based on a cohesive zone model, it is important to recall the
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equivalence found by Rice (1969): LEFM and a cohesive zone model give identical pre
dictions-with the critical energy release rate Gd equal to the area under the curve of
cohesive stress versus relative displacement-if the cohesive zone size is small compared
with all other length scales.

In the present problem, there are three relevant length scales: the size of the cohesive
zone; the fiber radius and the debond length L. This prompts the definition of the following
parameter <I> :

j b*Er
<1>- --- r*a- (26)

where Gd = r*b* for our simple cohesive stress-relative displacement curve. By appealing
to the approximate result (24), the parameter <I> is seen to be proportional to (h*ja): the
size of the cohesive zone relative to the fiber radius.

Consider now the variation of load with debond length as a function of r* and b*
holding the product Gd = r*b* fixed. (We continue to take the fiber and matrix moduli to
be equal.) Plotted in Fig. 4 is the dimensionless pressure p~jJr*b*E r as a function of
debond length for <I> = 23 and <I> = 1.6, and for two different specimen thicknesses. The
frictional parameters are f1. = 0.3 and ()o~jJr*b* Er = 0.054. The solid curves represent
the numerical results, and the approximation (25) is represented by the dashed curves. (For
the case of <I> = 23, the solid curves for the two specimen thicknesses are indistinguishable.)
As indicated above, calculations were also carried out with debonding modeled, not by a
cohesive zone law, but by LEFM. Debonding in this case is described simply by the mode
II critical energy release rate Gd ; sliding after debonding is still modeled by Coulomb friction.
These LEFM-based calculations, represented in Fig. 4 by the single dotted curve, were for
a specimen of infinite thickness (h --+ 00).

The conclusions to be drawn from Fig. 4 are not unexpected: If <I> is much greater
than I, the cohesive zone model and LEFM lead to significantly different results regardless
of the length of the debond. Their respective results appear to approach each other, however,
as <I> decreases; even <I> near one produces reasonable agreement between the models,
provided the debond length L is sufficiently long (at least several fiber radii). By contrast,
for relatively large <1>, the approximate analysis which leads to (25) agrees rather well with
the more detailed analysis, though, as discussed further below, the frictional contribution
is likely to require modification.

4

3

O-f"---,r---.---,----r---r--.----r---i~

o 10 20 30 40 50 60 70

Lla

Fig. 4. Predicted pressure versus debond length (-- ~ detailed numerical analysis; _- -_
~ approximate analysis; ... ~ LEFM).
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Consider the approximation (25) in the limit of <D -> 0 :

L J2E rG:P = )l(Jo + .
a (/

(27)

This result, were it accurate, could be quite useful in interpreting experimental data. It
states that the change in the load with debond propagation depends only on the friction,
while the load obtained by extrapolating back to zero debond length depends only on the
bonding. It must be pointed out that this result is precisely the two-dimensional analog of
that given by Marshall and Oliver (1987), who used an approximate energy balance to
analyse the fiber push-in problem. In terms of our variables, their analysis assumed that
the load must overcome an interfacial debonding energy Gct , as well as constant frictional
resistance fWo. Unfortunately, as indicated by the curves corresponding to <D = 1.6 in Fig.
4, the approximation (27), which is represented by t_he dashed curve (displaced slightly
upwards so that the intercept on the vertical axis is )2), is not very accurate for the set of
parameters considered here.

It is worth commenting further on the accuracy of the Marshall and Oliver approxi
mation-for our present purposes, eqn (27)~in the limit of small <D, particularly since
such an approach continues to be championed as accurate for long debond lengths (Evans
and Marshall, 1989). In fact, much insight can be gained from continuing to consider the
idealized problem ofa planar geometry, now simply a uniformly pressured fiber in an infinite
half-plane (h -> CJJ), with equal fiber and matrix moduli. Afterwards, we will comment on
the likely influence of three-dimensionality and dissimilar constituent moduli. In Fig. 5 we
plot the dimensionless fiber pressure pfi/JGctEr as a function of the debond length:
debonding at the interface is modeled with a critical energy release rate (LEFM), and
subsequent sliding is governed by Coulomb friction. Note that ~he<::urves correspond to
several different values of the dimensionless parameter (Jofi/ j GctEr,which captures the
relative magnitudes of frictional and debonding resistance: for small values of this
parameter, the frictional resistance is low in comparison with the debonding resistance. All
curves are for )l = 0.3, except for the single curve labelled )l = O.

Several features of Fig. 5 deserve attention. First, for relatively long debonds, the load
versus debond length is asymptotic to a linear function for long debonds. To aid in the
discussion, we imagine the linear portions of each curve extrapolated back to L/a = O.
Thus, if we are concerned only with long debonds, it is sufficient to describe the function

---------------------------------

0.1

0.0
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Fig. 5. Pressure versus debond length using LEFM, indicating effect of Coulomb friction (-~

- J1. = 0.3; - - - - - - J1. = 0.0).
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of load versus debond length by a slope and an intercept (at Lla = 0). Consider first the
curves for which ao~/JGdE'r > O. It is quite clear that the back-extrapolated intercept
depends on the parameter aO~/JGdE'r; if eqn (27) were accurate, then all curves would

extrapolate back to P~/JGdEf= )2.
The origin of the discrepancy can be seen by considering the remaining curves: j1 = 0,

and ao~/JGdE'r= 0 with J1 = 0.3. For j1 = 0, the numerical results for long debonds
agree with eqn (27). This result could be arrived at by an even simpler argument: the energy
released when the two crack tips extend a unit distance is precisely equal to the strain
energy of a block of width 2a and unit length, which is sub)ected to uniaxial plane strain
compression p. On the other hand, when j1 = 0.3 and ao.jaIJGdE'r = 0, the back-extra
polated load is greater than )2. Even though the nominal friction stress j1a0 is zero, the
Poisson expansion of the fiber leads to interfacial compression just behind the debond tip;
since the friction coefficient is nonzero, the load necessary to produce an adequate energy
release rate is higher than if j1 were equal to O. In particular, one expects the back-
extrapolated load for ao~/JGdE'r= 0 to increase monotonically with j1. Note, however,
that the back-extrapolated load differs from)2 by roughly 50% even for the not unreason
able value j1 = 0.3.

These findings serve to emphasize the point made by Dollar and Steif (1988) based on
their two-dimensional analysis of the push-in test: If the interface is characterized by
Coulomb friction, then the response depends not only on the product j1ao, but also on the
individual parameters. Furthermore, in the limit of very small j1, but j1ao still on the order
ofp, the results of the constant shear stress approximation, which ignore Poisson expansion
of the fiber, are reasonably accurate. Hence, we can say that the Marshall and Oliver
approximation-or our eqn (27)-is accurate if the friction coefficient is very small and,
as they point out, if the debond is long. A recent study of the push-out test by Liang and
Hutchinson (1992) also has the debonding contribution essentially decoupled from the
frictional contribution, largely because a detailed analysis combining Coulomb friction and
the fracture problem was not carried out.

Continuing to focus on the limit of I1l ..... 0, in which the fracture mechanics approach
to debonding becomes equivalent to the cohesive zone approach, we offer some remarks as
to the likely influence of three-dimensionality and dissimilar fiber and matrix moduli.
Considering first the limit of very small friction coefficients, we propose that the separation
ofdebonding and frictional contributions to the load will continue to hold for long debonds.
The debonding contribution-related to the back-extrapolated initial load-can be com
puted via an energetic argument identical to the one given above: the energy released is the
difference between the energy in the fiber far ahead of the debond (namely, zero) and the
energy in the fiber far behind. A calculation of this type has been done by Hutchinson and
Jensen (1990) for the pull-out problem. The frictional contribution will be linear just as in
Marshall and Oliver's calculation, with no dependence on the elastic moduli.

For nonvanishing friction coefficients, we would claim that the Marshall and Oliver
result-or the three-dimensional version of our eqn (27)-will be incorrect for two reasons.
First, as illustrated in Fig. 5, the back-extrapolated load will not be given by the energy
release calculation because of the load-induced normal pressure at the interface just behind
the debond. Secondly, the variation of load with debond length will not be linear if the
interface is characterized by Coulomb friction with a nonvanishing friction coefficient. This
is implicit in the work of Shetty (1988), who adapted the shear-lag analysis of Takaku and
Arridge (1973) to the push-out test; Shetty's analysis leads one to conclude that the load
increases exponentially with the slip length (and with the friction coefficient and a parameter
containing the elastic moduli). By carrying out detailed calculations with an integral equa
tion method and a finite element method, Meda et al. (1991) found that this exponential
variation of load with slip length was quite accurate.

To expand on some of the above points, we present in Fig. 6 specific results for
dissimilar fiber and matrix moduli. These results are for the two-dimensional push-out test
(hia = 25) and were arrived at using Method II. (The jaggedness of the curves is associated
with the coarseness of the mesh and the finite size of the load step.) While the modulus
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Fig. 6. Pressure versus debond length for various relative moduli Er: 1'.",.

ratio EriEm has been varied, the Poisson ratios Vr and Vm have been fixed at 0.25, and the
other parameters are: )1=0.1, (ToIEr =4xI0- 5

, T*/Er =8xI0 6
, ()*/a=2.5xI0 s;

therefore, the parameter (Tojalj~*jj*Erhas the value 2.74. The cohesive zone parameters
correspond to a relatively small value of <11 (<11 ~ 1.7), so the results are relevant to the
situation in which debonding is captured with fair accuracy by LEFM. The first point to
be made is that the back-extrapolated load is greater than j2. 11 is less, however, than the
values typical of Fig. 5, probably because of the lower friction coefficient.

It can also be seen that the variation of the load with Erl Em for fixed L/a is relatively
modest. This had to be expected in this problem involving a planar strip. The Poisson effect··
namely the normal stress induced at the interface due to the fiber Poisson expansion-will
be relatively small because the net axial force in the x-direction across the whole strip cannot
be altered by the load applied to the fiber: that is,

Ii"I
(Tn dy = --(To·

J 0

Since the induced normal stress is compressive in the upper portion of the strip and tensile
in the lower portion, there will be some Poisson effect when the slip zone extends only over
a portion of the interface. Once the entire interface is slipping, however, the average friction
stress along the interface will be )1(T Q. Note that this constraint on the induced normal force
is not present in the half-plane problem, nor in the three-dimensional problem, irrespective
of whether the domain is of finite or infinite thickness.

We now consider relatively large values of the parameter <11 and, in particular, its effect
on the sensitivity to the fiber-matrix modulus ratio. It should be apparent that the change
in the load as the debond propagates is tied to the friction: furthermore, as just explained,
two-dimensional calculations on a sample of finite thickness predict little if any alteration
in the friction stress with modulus ratio. Therefore, we focus on the degree to which initial
debonding depends on the modulus ratio. We are not referring here to a pressure intercept
obtained by back-extrapolation based on the linear asymptotic behavior for long debonds.
We are referring to the actual initiation of debonding, for example, the local pressure peaks
that appear towards the left end of Fig. 4 (<11 = 1.6). Initiation is predicted to occur at a
definite pressure when using the cohesive zone model, while a finite initiation pressure is
obtained in LEFM only if some initial debond length is assumed. The initial debond
pressure is that required to first achieve a relative displacement b* on the surface.
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Table I. Dimensionless debond pressure Pinitylaj
jr*J*E; for several values ofcI> and EriEm

cI> EriEm = 0.5 EriEm = 1.0 EriEm = 3.54
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5.80
36.3

145.1

1.97
1.59
1.49

2.19
1.66
1.52

2.83
1.95
1.65

Results for the dimensionless initial debond pressure PiniIJa/~*1>*Er are displayed
in Table 1 for several values of <I> and modulus ratio Er/Em; these are based on fixing the
parameter r*{)*/aEr (a dimensionless debond energy) at the value 8.04 x 10- 8. According
to the approximate solution (25), the dimensionless initiation pressure is equal to .j2 ~
1.41, irrespective of <I> and ErJEm • One can see that this approximate result is approached
as <I> increases, and also that the variations associated with different values ofErJEm decrease
as <I> increases. Thus, if large values of <I> are appropriate, the shear-lag approximation will
probably be reasonable, at least as far as initiation is concerned.

5. CONCLUSIONS

A detailed stress analysis of a two-dimensional analog to the fiber push-out problem
has been carried out. Two distinct methods of analysis were employed; the similarity in the
results suggests that the results are rather accurate. The analyses have been carried out
under the assumption that the interface can be characterized by a Barenblatt-type cohesive
zone model to capture initial debonding. Frictional sliding subsequent to debonding is
modeled with a Coulomb friction interface law.

We have found two distinct regimes of response: one in which the cohesive zone size
is of the order of, or small compared with, the fiber diameter and one in which the cohesive
zone size is large compared with the fiber diameter. For relatively small cohesive zones, the
results of our analyses are essentially equivalent to those arrived at using linear elastic
fracture mechanics to model interfacial debonding. In this limit, approximate, shear-lag
style analyses may capture the change in indentor load with debond extension, this change
being associated with the frictional resistance. However, they are unlikely to offer an
accurate estimate of the absolute level of the indentor load, at least when there is a non
negligible friction coefficient. By contrast, when the cohesive zone is relatively large and
linear elastic fracture mechanics is inappropriate, a shear-lag style analysis-possibly alt
ered in the spirit of the Shetty (1988) analysis to include the effects of Coulomb friction
can capture the variation in the indentor load with satisfactory accuracy. The results of an
effort to interpret the push-out data by Eldridge et al. (1991) using a cohesive zone model
for debonding are being simultaneously reported (Dollar and Steif, 1992).
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APPENDIX

In this Appendix, the integrals introduced in eqns (13) are defined:

Ix I (x )I,(x) = G(I/) 2 . h 2 sinh (XI/) cos -h" dl/,
- 0 I/+sm 1/



Analyses of the fiber push-out test

tOO F(,,) ". (x )Hix) = -.- 2 . h 2 smh (x,,) cos -h" d",
o I ,,+sm "

tOO F(,,) I . (x )
H 3(x) = -. 2 . h 2 sinh (x,,) sm -h" d",

o I ,,+sm "

f,oo F("),, . (x )
H 4 (x) = -. 2 . h2 cosh(x,,)sm h-" d".

o I ,,+sm "
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